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It is the purpose of this article to give a characterization of abelian by 
nilpotent Lie algebras which have only inner derivations. The motivation 
has been provided by two recent papers [3, 41 which deal with a similar 
problem in group theory. The Lie algebra case allows some modifications 
and simplifications as compared to the group theory case. 
We begin with a brief summary about Lie algebras which have only 
inner derivations and also about Lie algebras which must possess outer 
derivations. If the algebra has nondegenerate Killing form, then all 
derivations are inner [6, p. 741, while if the algebra is nilpotent, then there 
exist outer derivations [S]. This latter result has been extended in a variety 
of ways (see [ 131 and the bibliography given there). In particular, we men- 
tion that if the algebra is solvable and has no outer derivations, then its 
center must be 0 [2, 121. On the other hand there are examples of Lie 
algebras with nonzero center and only inner derivations (see [9]). Also a 
general method for constructing algebras with only inner derivations is 
described in [7]. In another direction, Schenkman’s famous derivation 
tower theorem [lo] asserts that an algebra with zero center can be sub- 
invariantly embedded in an algebra with only inner derivations. 
Schenkman’s paper also provides bounds on this embedding which are 
actually met as is shown in [8]. 
All Lie algebras considered here are finite dimensional over a field. Let L 
be a Lie algebra, A be an ideal of L and B be a subalgebra of L. For x E L, 
let y(ad x) = [y, x] for all y E L and ad,(B) = {ad b restricted to A : b E B}. 
Let C,(A)= {xEB; [a,~] =0 for all SEA}. Der(L) will stand for the 
derivation algebra of L. 
THEOREM. Let L be a finite dimensional Lie algebra over any field F such 
that LJA is nilpotent where A is an abelian ideal. Then the following are 
eguivalen t : 
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(1) All derivations of L are inner. 
(2) L is the semidirect sum of an abelian ideal A by a subalgebra B 
where B N ad,(B) is a Cartan subalgebra of gl(A). 
(3) Let K be the algebraic closure of F. Then L, has a basis 
and 
x1,-, x,, y, 3 . . . . Yll such that [x,, yj] = Giix, 
Cxi, xjl = CYi, Yjl = O for i,j=l,..., n. 
Proof Assume (1). Without loss of generality we may assume that A is 
the intersection of the members in the lower central series of L. Now there 
exists a subalgebra B of L which complements A [ 11, p. 1171. Since C,(A) 
is an ideal in the nilpotent algebra B, if C,(A) # 0, then the center of L is 
not zero. As remarked above this is not possible. Now the map b + a -+ 
ad(b)/ A + a is a Lie algebra injection of L = B + A into gl(A) + A and we 
identify L with its image and claim that the nilpotent algebra B is a Cartan 
subalgebra of gl(A). If TeNglcAj(B), then T induces a derivation D of 
B+A and D=ad(b+a) for some bEB, aEA. Hence T=Dj.=ad(b)l.= 
b E B and (2) holds. 
To show that (2) implies (3) note that the assumptions on L in (2) carry 
over to the algebraic closure, hence we may assume that L is over an 
algebraically closed field. Since B is a Cartan subalgebra of gl(A), B is 
minimal Engel in gl(A) [l, Theorem 11. Let x E B such that B is the 
Fitting null component of ad x acting on gl(A) (see [l, Lemma 21). A 
decomposes in the primary decomposition theorem into A = A, + ... + A, 
where each Ai has a basis such that the matrix representation for ad x has 
0 above the diagonal and a scalar on the diagonal. Let ~1, ,..., ~1, be distinct 
elements of the field where s = dim A. Let T be the linear transformation 
whose matrix representation with respect to the above basis for A has 
al,..., CI, on the diagonal and 0 elsewhere. On each A;, it is easily seen that 
[ad x, T] = N is strictly lower triangular with respect to the above basis 
and ad x = S+ M where S is a scalar matrix and M is strictly lower 
triangular. Hence 
[...[[T,adx],]...adx]=[...[N,S+M]] . . . . S+M] 
= [...[[N, M], M]...] =o. 
Hence T is in the Engel subalgebra determined by ad x which is B. Hence 
B contains the regular element T and therefore consists of all elements of 
gl(A) which commute with T, (see [6, p. 661). This consists of all diagonal 
linear transformations with respect to the given basis. Hence B is abelian, 
dim B = dim A and the desired basis can be obtained by taking the above 
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basis for A for which T was diagonal, call it {xl,..., x,}, and let yj be the 
linear transformation on A given by (xi) yj = hUxi. Hence (3) holds. 
Assume that (3) holds. Since Z(L,) = 0 it follows that Z(L) = 0. Also 
Der(L,)= ad(L,) follows from an easy calculation. Now a dimension 
argument shows that Der(L) = ad(L) and the proof is complete. 
COROLLARY. Let L be an abelian by nilpotent Lie algebra all of whose 
derivations are inner. Then L is abelian by abelian, L has center 0 and dim L 
is even. 
Note that in the proof of our result, we needed to show that Cartan sub- 
algebras of gl(A) contain regular elements. We record this in the following. 
COROLLARY. Let B be a Cartan subalgebra of gl (A) over an 
algebraically closed field, Then B contains a regular element. 
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